Introduction
For a positive integer N , let F N be the field of meromorphic modular functions for the principal congruence subgroup Γ(N ) = {γ ∈ SL 2 (Z) | γ ≡ I 2 (mod N )} whose Fourier coefficients belong to the N th cyclotomic field Q(ζ N ) where ζ N = e 2πi/N . It is well known that F 1 is generated over Q by the elliptic modular function j(τ ) (τ ∈ H, the complex upper half-plane), and F N is a Galois extension of F 1 with Gal(F N /F 1 ) ≃ GL 2 (Z/N Z)/{±I 2 }
(see §2). For N ≥ 2 let V N = {v ∈ Q 2 | v has primitive denominator N }.
We call a family {h v (τ )} v∈V N of functions in F N a Fricke family of level N if it satisfies the following three conditions:
(F1) Each h v (τ ) is weakly holomorphic (that is, holomorphic on H).
(F2) h v (τ ) depends only on ±v (mod Z 2 ).
(F3) h v (τ ) α = ht αv (τ ) for all α ∈ GL 2 (Z/N Z)/{±I 2 }, where t α means the transpose of α.
There are two important kinds of Fricke families {f v (τ )} v and {g v (τ ) 12N } v , one consisting of Fricke functions and the other consisting of 12N th powers of Siegel functions (see §3). They are building blocks of fields of modular functions and groups of modular units ( [6, Chapter 2] and [8, Chapter 6] ). Since their special values at imaginary quadratic arguments generate class fields over the corresponding imaginary quadratic fields (see [3] , [4] and [8, Chapter 10]), it would be interesting and also worth of investigating the structure of such families as a ring.
In this paper we shall first classify all Fricke families of level N when N ≡ 0 (mod 4) (Theorems 4.3, 6.2 and Corollary 6.4). And, if we constrain the condition (F1) to (F1 ′ ) every h v (τ ) is holomorphic on H except for the set {γ(ζ 3 ), γ(ζ 4 ) | γ ∈ SL 2 (Z)}, then we are also able to determine all weak families {h v (τ )} v∈V N of functions in F N satisfying (F1 ′ ), (F2) and (F3) for arbitrary level N ≥ 2 (Theorem 7.4 and Remark 7.5).
Galois actions on functions
In this section we shall briefly describe the actions of the group
For a positive integer N , the group GL 2 (Z/N Z)/{±I 2 } has a unique decomposition
This group acts on the field F N as follows ([9, §6.1-6.2]): Let
(A1) The matrix
where γ is any preimage of the reduction
such that det(α) is relatively prime to N , then we see by (F3) that
This implies that GL 2 (Z/N Z)/{±I 2 } acts on {h v (τ )} v transitively. 
Fricke and Siegel functions
For a lattice Λ in C, we let
The elliptic modular function j(τ ) is defined by
where 1] ). This generates the ring of weakly holomorphic functions in
The Weierstrass ℘-function relative to Λ is given by
where
And, by the Weierstrass σ-function relative to Λ we mean the infinite product
Taking logarithmic derivative we achieve the Weierstrass ζ-function as
Since ζ ′ (z; Λ) = −℘(z; Λ) is periodic with respect to Λ, for each λ ∈ Λ there is a constant η(λ; Λ) so that ζ(z + λ; Λ) − ζ(z; Λ) = η(λ; Λ) (z ∈ C).
is the Dedekind η-function which is a 24th root of ∆(τ ) ([8, Theorem 5 in Chapter 18]). By the q-product expansion of the Weierstrass σ-function we get the expression
where For later use, we need the following lemmas.
Proof. (2), (3) and (4).
in F N has neither zeros nor poles on H by Lemma 3.3 (ii). Thus it is a modular unit of level N by Remark 3.2, called a Weierstrass unit of level N .
for some 12th root of unity ζ depending only on γ.
Proof. See [7, Proposition 2.4].
Rings of weakly holomorphic functions
For an integer N ≥ 2, we denote by Fr N the set of all Fricke families of level N . Then, Fr N becomes a ring under the operations
For a positive integer N , let F 1 N (Q) be the field of meromorphic modular functions for the congruence subgroup
with rational Fourier coefficients. Further, we let O 1 N (Q) be its subring consisting of weakly holomorphic functions.
, we see that
We get by (F3) and (F2) that
which shows that h 1/N 0 (τ ) has rational Fourier coefficients by (A1).
Moreover, since h 1/N 0 (τ ) is weakly holomorphic by (F1), it belongs to O 1 N (Q).
Hence we obtain by Lemma 4.1 a ring homomorphism
Lemma 4.2. For N ≥ 2, let a and b be a pair of integers such that gcd(a, b) is relatively prime
for some δ ∈ Γ 1 (N ) by Lemma 4.2 and (1)
Since h(τ ) is weakly holomorphic, so is h v (τ ) = h(τ ) γ by (A2). Furthermore, h v (τ ) depends only on ±v (mod Z 2 ) by (1). Let α = x y z w ∈ GL 2 (Z/N Z)/{±I 2 }. We then derive by
since h(τ ) has rational Fourier coefficients
Thus the family {h v (τ )} v satisfies (F3). Lastly, since
φ N is surjective. Therefore, we conclude that Fr N and O 1 N (Q) are isomorphic via φ N .
Conjugate subgroups of SL 2 (R)
For a positive integer N , let
Then we see from the observation
that Γ 1 (N ) and Γ 1 (N ) are conjugate in SL 2 (R), namely
Let F 1,N (Q) be the field of meromorphic modular functions for X 1 (N ) with rational Fourier coefficients. One can readily check that the relation (7) gives rise to an isomorphism 
Let X 1 (4) be the modular curve corresponding to the congruence subgroup Γ 1 (4). It is well known that X 1 (4) has genus 0 with three inequivalent cusps 0, 1/2 and i∞ ([5, p. 131]). Moreover, the function Theorem 5.2. We get the following structures.
Proof. (i) Since g 1,4 (τ ) and (g 1,4 (τ ) − 16) are modular units in F 1,4 (Q) by Lemma 5.1 and (10), we get the inclusion
Conversely, let h(τ ) ∈ O 1,4 (Q). By (10) we can express h(τ ) as h(τ ) = A(g 1,4 (τ ))/B(g 1,4 (τ )) for some polynomials A(x), B(x) ∈ Q[x] which are relatively prime. Suppose that B(x) has a zero c ∈ Q not equal to 0 or 16. We see by Lemma 5.1 that g 1,4 (τ 0 )− c = 0 for some τ 0 ∈ H, from which we have B(g 1,4 (τ 0 )) = 0. But since A(x) is not divisible by (x − c) in Q[x], we achieve A(g 1,4 (τ 0 )) = 0. This contradicts that h(τ ) is weakly holomorphic. Thus B(x) has no zeros other than 0 and 16, which implies the converse inclusion
(ii) It follows immediately from (i) and the isomorphism given in (9). 
Proof. We first recall that F N is a Galois extension of F 1 with
And, observe by (A1) and (A2) that F N is a Galois extension of F 1 N (Q) with
Since {f v (τ )} v∈V N ∈ Fr N by Proposition 3.1, we have the inclusion F ⊆ Thus we get b ≡ 0 (mod N ) and a ≡ d ≡ ±1 (mod N ) by Lemma 3.3 (i) and the fact γ ∈ SL 2 (Z/N Z)/{±I 2 }. This yields F ⊇ F 1 N (Q) by Galois theory. Therefore, we conclude that
When N ≥ 8 and N ≡ 0 (mod 4), we consider a function
It is a modular unit belonging to O 1 N (Q) by Proposition 3.1, Remark 3.4 and Lemma 4.1.
Proof. It is obvious that
. Note by Proposition 6.1 and Lemma 4.1 that
So we can express h = h(τ ) as
Multiplying both sides of (11) by 1, f, . . . , f d−1 , respectively, we have a linear system (with unknowns c 0 , c 1 ,
By taking the trace Tr = Tr F 1 N (Q)/F 1 4 (Q) on both sides we obtain
Since every Tr( * ), appeared in the above expression, lies in O 1 4 (Q), we get
If we let f 1 , f 2 , . . . , f d be all the Galois conjugates of f over F 1 
Thus det(T ) is a modular unit in O 1 4 (Q) by Remark 3.4, from which it follows by (11) and
Therefore we achieve the inclusion 
Then, a family {h v (τ )} v∈V N of functions in F N is a Fricke family of level N if and only if there is a polynomial P (x, y, z, w) ∈ Q[x, y, z, w] for which
such that det(γ) ≡ 1 (mod N ) and γ ≡ ±γ (mod N ). Note that t γu ≡ ± t γu (mod Z 2 ) for all
We then see by (A2) and Lemma 3.5 that
Furthermore, we get by Proposition 4.1 that
Now, the corollary follows from Theorems 4.3 (with its proof) and 6.2. 
Weak Fricke families
Proof. By Lemma 7.1 we get the inclusion
we may write h(τ ) = A(j(τ ))/B(j(τ )) for some polynomials A(x), B(x) ∈ Q[x] which are relatively prime. Suppose that B(x) has a zero c ∈ Q not equal to 0 and 1728. Since j(τ 0 ) = c for some τ 0 ∈ H ′ by Lemma 7.1, we attain B(j(τ 0 )) = 0. But since A(x) is not divisible by (x − c), we see that A(j(τ 0 )) = 0, which contradicts that h(τ ) is holomorphic on H ′ . Thus we conclude that 0 and 1728 are the only possible zeros of B(x), which proves the converse inclusion 
as in the proof of Theorem 6.2. By Lemma 3.3, we see that each (f m − f n ) 6 is of the form
for some u, v ∈ V N such that u ≡ ±v (mod Z 2 ). It then follows from Lemma 7.3 that
for some nonzero c ∈ C.
Since D ∈ F 1 1 (Q) = Q(j(τ )), we must have d(d − 1)/3 ∈ Z and c ∈ Q. Hence we achieve by Theorem 7.2, (13) and (14) 
